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Introduction of the problem

Let f : R — R or C be periodic over Z9. Let o > 0, xp € T the torus
RY /77,

felCx)< 3P d°P<[a] |f(x)—P(x—x)| < Clx—xo|*.
ar(x) =sup{a : f € C*x)} € Ry Holder exponent at xo .

dr: a —dim({x : ar(x) =«a}) Holder spectrum .

Conjecture :
If f € C7(T) for v > 0 then dr = pr.

The wavelet density pr() : (when j — co) there are ~ 2/°7(®) wavelet
coefficients |C; x| of f of size ~ 27,
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Introduction of the problem

B. S : J. Math. Anal. Appl. 349 (2009) 403-412, we proved the L. D.
Formalism for quasi-all functions, in the sense of Baire, i.e., on a
countable intersection of open dense sets, (Gs set) of the Banach spaces
LP*(T) and B;9(T) for s > d/p.

1

We also study it in the Baire's vector space V = ﬂ B;(E
e>0,p>0

s:q—s(q)isa C! and concave function on R* satisfying 0 < s’ < d

and s(0) > 0.

)=2p
P where

p>1Vs>0  LPS=LPST):={f € LP; (—A)?f € LP}

Byt — LPF s By (1)

B;*E,q s [PS B;+6,q . (2)
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Wavelet characterizations of Besov and Sobolev spaces

Without any loss of generality, take d = 1 and the Meyer's ¢ € S(R).
The functions 1 and 2//24); 4 (x) := 2//2 Zi/}(Zj(x — 1) — k),

I€Z
j>0, ke{0,---,2 —1}, form an orthonormal basis of L2(T).

fel’(T)=>f :/ f(e) de+ 3 Gt -

[0,1] ok
G = Gud) =2 | #(e)dyue)
[0,1]
a/p\ /9
feByie= > <Z |c-,k2<52>f|p> < o0 (3)
j k
1/2

f e LlP(T)= ZZ |Cj,k‘2225j1[k2*f,(k+1)2*i[(x) eLr (4
ik
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Histograms of wavelet coefficients

Let « € R, for j > 0 let
Nij(a) = Card{k € {0, ,20 —1}; |Cix| > 27Y}.
The wavelet profile v¢ : a+— lim [ limsup (bg,\“m))
e\ot j—oo |0g(2j)

The wavelet density pr :

log(Nj(a + ) — Nj(a — €))
()
At scale j (when j — o0) : there are about 27/(®) (resp. 2°7(®)j) wavelet
coefficients of size |Cj x| > 27 (resp. ~ 27%),

a — inf <Iim sup

e>0 j—o0

v¢ is nondecreasing, vr and pr take their values in {—oo} U[0,d = 1]
and Pf S Vf.

Unlike ps the function v¢ does not depend on the chosen wavelet basis.
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Heuristic derivation of the L. D. Formalism.

Jaffard : If f € C7 for v > 0 then

T log(|Cj «|)
af(x) = Ibnlgf |r,1(f <Iog(2f " |k2k*f — x|)) ) (5)

Heuristic arguments : _
If [k27/, (k + 1)27/[ contains x with af(x) = a then |Cj x| >~ 2.
So we expect to find 279(®) such coefficients, hence dr(a) = pr(a).
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First Results

Theorem
Vf € B59(T) (resp. LP*(T))

Va  pr(a) <ve(e)<ap—sp+1. (6)
1 1
(Jaffard) : If s > P thenV o > s — P di(a) <ap—sp+1. (7)

Generically (in the sense of Baire), if f € B3 9(T) (resp. LP*(T)) then pr
and vy are finite in [s — %,s] on which

vi(a) = pr(a) = ap—sp+1. (8)

(Jaffard) : If s > 1/p, then generically in B5:9(T) (resp. LP*(T))

1
Vae[s—;,s] di(a) =ap—sp+1. (9)
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Proofs

Case p < 00,9 < >

We should first find a specific “saturating wavelet series” F.

Then using the separability of B9 we will generate a dense Gs-set (i-e.,
a countable intersection of dense open sets).
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Proofs

Saturating wavelet series

Let j>1land 0 < k < 24 — 1. Consider the irreductible representation

k K
Let
1 : 2 2
F= Z G k¥« where G = Z27 (=92 5 anda==4+Z41.
Stk 5 P q
. . 1, __. 1 _(s=1)
0<J<j=V(,k) S27Y <|Gul < ;2 »” and both the left
J J

and right terms are attained then pg is defined in [s — %, s].

For each 1 < J < there are % values of k satisfying (10)
= F € By9(T) and on [s — %,s] ve(a) = pr(a) =ap—sp+ 1.
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Proofs

The dense G;-set

p < oo and g < oo = B;9 is separable = 3 (f,) dense in B,

Let
21
=D 2 Gulf) Uik + quk ) Bk
Jj<n k=0 Jj>n k=0

(gn) is dense in B9 and are saturating functions.
We set 1
A= B(gn, ra) where r, = =—27"/P
ﬂU (gn, rn) where r o

meN n>m

A'is a countable intersection of dense open sets in B9

1
feA=Vm3dn=n, > m; Vk E‘Cnm,k(F)‘ < |G, k(F)] <2|Cy, k(F)| -

We deduce that pr > pr and so pr = pf.
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Proofs

Case p and/or g = 0o

We only consider the case where p = g = oo, i.e. C5(T) witch is not
separable, the argument in this case is slightly different from the previous

one. The proof in the case where only one among p and g is equal to oo
is similar.
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Proofs

For n € N set
E, = {g eC?® ) V(_], k) IM e Z* C:I,k(g) — M2—I‘I2—sj} )

VmeN D, := U E, is dense in C*.

n>m

We set

A=NUE+8B0.;27).

m n>m

A is a countable intersection of dense open sets in C*.

1 . .
feA=Ym3n,>m V(j,k) 27279 <|Gu(f) < C27¥.

We deduce that pr(a) =1 = df(a) if a = s, and —o0 else.
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Proofs

The Sobolev case

Clearly the case p = 2 was proved since [>* = 825’2. The proof for p # 2
follows immediately from the embeddings (2) and the proof in the case
B39 with 0 < g < co.
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Second Results

-5,

1
Baire's vector space V = ﬂ B;(” " where s : g — s(q) is a C?

e>0,p>0
and concave function on R satisfying 0 < s’ < d and s(0) > 0.

For 0 < p < oo, let g=1/p and

sr(q) =sup{s; feB"}. (11)

Using Besov embeddings, sr is increasing and concave on ]0, co[ and its
right and left derivatives belong to L* and satisfy

(sr)r(q) < d and (s¢)i(q) < d . (12)

s¢ is differentiable almost everywhere in |0, oo[ since it is increasing.
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Second Results

Theorem

VfeV Va  pr(a) <ve(a) <ap-n(p)+d wheren(p) = ps(1/p).

Generically, if f € V, then pr is finite in
50)/(0%) = fim (s(6) -~ 45(@)) ) on which
q—00

vi(a) = pr(a) = inf (ap —n(p) + d) .

inf
p>0
(Jaffard) : Generically, if £ € V, then df is finite in [s(0), dgc] on which
dr(a) = inf (ap —n(p) + d) (where pc = 1/qc).

= inf
P> Ppc

s is concave with 0 < s’ < d, there exists g., such that if ¢ < g,
s(q) > dq and if g > q., s(q) < dq
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Second Results

The generic spectrum is composed of two parts :

@ a < 1n'(pc) : infimum attained for p > p. and
dr(a) = inf (ap — n(p) + d),

@ 7'(pc) < a < dgc : infimum attained for p = p. and dr(a) = ape.

inf
p>0

s(0) <7'(pe) <n'(07).

If s'(c0) = 0 then dg. < 1/(07).
At o = 7(p.) the slope of the tangent to the concave function pr is pe.

We conclude that the L. D. formalism holds (resp. may fail) generically in
V for a € [s(0),7'(pc)] (resp. a € ['(pc), n'(07) ).
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