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Introduction
o
Pointwise Holder exponent

Definition

Given a real function f € LS (RP) and xp € RP, f is said to belong to C*(xo),
for some a > 0, if there exists a polynomial P of degree at most |« and a
constant C' > 0 such that locally around z :

|f(z) = P(z — z0)| < Clz — o]
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Introduction
o
Pointwise Holder exponent

Definition

Given a real function f € LS (RP) and xp € RP, f is said to belong to C*(xo),
for some a > 0, if there exists a polynomial P of degree at most |« and a
constant C' > 0 such that locally around z :

[f(x) = P(z — z0)| < Clo — z0|*.
Pointwise Holder exponent :

hg(zo) =sup{a >0: fe€C¥%xo)}
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Introduction
o
Pointwise Holder exponent

Definition

Given a real function f € LS (RP) and xp € RP, f is said to belong to C*(xo),
for some a > 0, if there exists a polynomial P of degree at most |« and a
constant C' > 0 such that locally around z :

|f(z) = P(z — z0)| < Clz — o]
Pointwise Holder exponent :
hg(zo) =sup{a >0: fe€C¥%xo)}
Spectrum of singularities :

dy :h € [0,00] — dimy; Ef(h), where Ef(h) = {zo € RP : hy(zo) = h}.

Here dimy; stands for the Hausdorff dimension.
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Introduction
o
Traces of functions

0 < d < D are two fixed integers. Let d’ := D — d and

X = (z,2') € R? x R = RP. For a € R? we shall denote by H, := {(z,a)} the
d-dimensional affine subspace of RP. Let f be a continuous function on RP. Its
trace on Hy is

Ja = fin, ¢ RS — R

z — f(z,a)

Goal : to obtain an upper and a lower bound of the spectrum
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Introduction
[ Je]
Prevalence

The space E is endowed with its Borel o-algebra B(E) and all Borel measures p
on (E, B(E)) will be automatically completed

A set is said to be universally measurable if it is measurable for any (completed)
Borel measure.

Delphine Maman Local behavior of traces of Besov functions



Introduction
[ Je]
Prevalence

The space E is endowed with its Borel o-algebra B(E) and all Borel measures p
on (E, B(E)) will be automatically completed

A set is said to be universally measurable if it is measurable for any (completed)
Borel measure.

Definition

A universally measurable set A C E is called shy if there exists a Borel measure p
that is positive on some compact subset K of E and such that

for every x € E, pu(A+z)=0.

More generally, a set that is included in a shy universally measurable set is also
called shy.
Finally, the complement in E of a shy subset is called prevalent.

The measure p used to show that some subset is shy or prevalent is called a probe.
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Introduction
oe

Prevalence

Properties
o when a set B is prevalent, it is dense in F
e B+ z is also prevalent for any z € E
o if (Bn)nen is a sequence of prevalent sets then so is [, cy Bn

o when FE has finite dimension, B is prevalent in F if and only if it
has full Lebesgue measure.
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Introduction
L]

How to prove that a universally measurable set A is shy?

We set the probe space P to be the di-dimensional subspace of E spanned by the
functions g¢*.
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Introduction
L]
How to prove that a universally measurable set A is shy?

We set the probe space P to be the di-dimensional subspace of E spanned by the
functions g¢*.
Take an arbitrary f € F and for each 8 € R% define

dy
fli=r+) pig"

=1

Proposition

If for any f € E, the set {8 € R ; f8 ¢ A} has di-dimensional Lebesgue
measure Lg, equal to 0 then A is shy
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Introduction
L]
How to prove that a universally measurable set A is shy?

We set the probe space P to be the di-dimensional subspace of E spanned by the
functions g¢*.
Take an arbitrary f € F and for each 8 € R% define

dy
fli=r+) pig"

=1

Proposition

If for any f € E, the set {8 € R ; f8 ¢ A} has di-dimensional Lebesgue
measure Lg, equal to 0 then A is shy

Indeed, if the proposition is true, let us denote by p the measure L4, carried by P
and fix any f € E. For p-almost F' € P, we know that f + F ¢ A. Hence the set
{f + A} NP has a p-measure equal to 0, i.e.

n({f+A}) =0.

Since this is true for any f € E, by definition, the set A is shy.
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Known results

For every AP := (j, k,1) € Z x ZP x {0,1}P, we define the tensorized wavelet

D

H Jk(xL

with k = (k1, k2, -+ ,kp) € ZP and 1 = (I1,12,--- ,Ip) € {0,1}P.
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Known results

For every AP := (j, k,1) € Z x ZP x {0,1}P, we define the tensorized wavelet
D

H Jk(xL

with k = (k1, k2, -+ ,kp) € ZP and 1 = (I1,12,--- ,Ip) € {0,1}P.
Any function f € L?(RP) can be written

f(X) = Z cxp¥,p(X),

AP =(j,k,1): j€Z, keZP 1€ LD

where LP := {0,1}P\ {0, .., 0}
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Known results

Theorem (S.Jaffard)

Assume that the wavelet ¥ is regular enough. Let f : [0, l]d — R be a locally
bounded function with wavelet coefficients {cx}, and let = € [0,1]¢.

If f € C7(x), then there exists a constant M < oo such that for all

A= (]7k71) € Ad X Lda

leal S M (277 + |z — k277 ])" = M2777 (1 + |27z — k|)7 (1)
Reciprocally, if (1) holds true and if f € U < ¢ C=([0,1]9), then f € CY="(x), for
every n > 0.
where

forj>1, Z; = {0,1,---,29 =1} and AY={j} xZJ
d _ d
A =AY
j=1
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Known results

Definition

Let 0 < s < 00, 0 < p,q < co. Assume that the wavelet U is regular enough. The
B; ([0, 1]P) Besov norm (quasi-norm when p < 1 or ¢ < 1) of a function f on

[0,1]P having wavelet coefficients cy\p is defined as

1

lag, = (X (2727 5 |cAD|p)%)q @

j=1 (k,k’)eZ]D

with the obvious modifications when p = oo or g = co.
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Known results

Theorem (S.Jaffard)

Let 0 <p< oo and D/p < s < oo. For any g € B;’OO(]RD), for allh > s — D/p,
dy(h) < min(D, D+ (h — s)p),

and E¢(h) =0 if h < s — D/p.
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Known results

Theorem (S.Jaffard)

Let 0 <p< oo and D/p < s < oo. For any g € B;’OO(]RD), for allh > s — D/p,
dy(h) < min(D, D+ (h — s)p),

and E¢(h) =0 if h < s — D/p.

Theorem ( A.Fraysse, S.Jaffard)

Let 0 <p<o00,0<g<o00and0<s— D/p< oo. For almost allgEBf)’q(RD),

dy(h) = {L_); (h—s)p J;h €[s—D/p,s|

and for x in a set of full Lebesgue measure in RP, hg(z) = s.
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coefficient of trace

We will be first focusing on the local behavior of traces on (0,1)¢ x {a},
ac (0,17,
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coefficient of trace

We will be first focusing on the local behavior of traces on (0,1)¢ x {a},
ac (0,17,
Hence we will consider functions f of the form

fx)= Y exp ¥io (X)),

ADeAD x LD

where
X = (z,2)
forj>1, Z; = {0,1,---,27 =1} and AP ={j} xZ?
D _ D
AP = | AP
i>1
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coefficient of trace

fal@)= cADH\P;,Q( H%/(a)

ADeAD x LD
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coefficient of trace

d d’
L U
fol@) = 3 e T] W, @0 [T 9 (a0
i=1 i=1 '

ADeAD x LD

d’ d
U l;
fa(@) > arl]l G IT 93, (=)
i=1 ' i=1

ADeAD x LD
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coefficient of trace

d d’
. 1A
fa@ = > ew [T, @) [ 95 @)
i=1 i=1 '

ADeAD x LD

d’ d
U l;
fa@) = 3 en]] G IT 93, (=)
i=1 ' i=1

ADeAD x LD

Problem : (0,1)P\02 # (0,1)4\0¢ x (0, 1) \0¢'

Delphine Maman Local behavior of traces of Besov functions



coefficient of trace

fa(z) = Ga(2) + Fa()
where

Golz) = > da(a)¥a(2)

A€Ad x0d

Y @)

AeAdx L

Fo(x)
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coefficient of trace

fa(z) = Ga(2) + Fa()
where

Golz) = > da(a)¥a(2)

A€Ad x0d

Y @)

AeAdx L

Fo(x)

The trace f, can be written

fa= Y di(@)¥x(2)

AeAd x{0,1}4

for A = (j,k,1) € A% x {0,1}¢
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Traces results

Theorem (S.Jaffard)

Let 0 < p,s<oo. If f € B;’OO(RD), then for Lebesgue-almost all a € R

v
fa € N Bj oo (®RY).
s'<s
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Traces results

Theorem (S.Jaffard)

Let 0 < p,s<oo. If f € B;’OO(RD), then for Lebesgue-almost all a € R

v
fa € N Bj oo (®RY).
s'<s

| A

Theorem (S.Jaffard)

Let 0 <p < oo and D/p < s < oo. For anngB;OO(RD), for allh > s — D/p,

dg(h) < min(D, D + (h — s)p),

and Ef(h) =0 if h <s— D/p.
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Traces results

Theorem (S.Jaffard)

Let 0 < p,s<oo. If f € B;’OO(RD), then for Lebesgue-almost all a € R

v
fa € N Bj oo (®RY).
s'<s

Theorem (S.Jaffard)

Let 0 <p < oo and D/p < s < oo. For anngB;OO(RD), for allh > s — D/p,

dg(h) < min(D, D + (h — s)p),

and Ef(h) =0 if h <s— D/p.

Proposition

Let 0 <p < oo and D/p < s < co. For any g € BISLOO(IRD),for Lebesgue-almost all
a€ Rd,, for allh > s —d/p,

dgq (h) < min(d, d + (h — s)p),

and Ef(h) =0 if h < s —d/p.
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Traces results

Theorem (J-M Aubry, D. Maman, S. Seuret)

Let 0 < p<o00,0<g< 00 and0<s—d/p<+oo. For almost all f in B;VQ(RD),
for Lebesgue-almost all a € ]Rd,, the following holds:

O the spectrum of singularities of fq is

4y, (h) = {f;(hs)p hels—dfpd

@ for every open set Q C R, the level set Ey,(s) N Q has full Lebesgue measure
in €.
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Traces results

A
D df ()
d dfa(h)
0 > h
—d

Figure: Singularity spectrum of almost all f € B;Yq(]RD) and its trace f, for Lebesgue

/
almost every a € RY .
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Key of the proof

Let B(z,r) denote the closed [* ball of radius r around z in [0,1]%. For oo > 1

and j € N, let
xe = | B(ke7,279)
kezd
and X% := limsup xS
j—o0
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Key of the proof

Let B(z,r) denote the closed [* ball of radius r around z in [0,1]%. For oo > 1

and j € N, let
xg = |J Bke 7,279
kezd
and X% := limsup xS
j—o0

Theorem

There exists a positive o-finite measure meq carried by X% and such that any set
E having Hausdorff dimension dimy (E) < g has measure mq (E) = 0.
In particular, mq(X®) > 0 and dimy X* = d/a.
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Key of the proof

Definition

Suppose that 0 < s — D/p < oo and 0 < ¢ < co. Let a > 1 and let us define the

exponent

d d
H(a)=s——+ —.
p ap

and the set

Fo 1= {f c B;’q([O, l]D) : JA(f) of full Lebesgue measure such that

a € A(f) = Va € X*, hy, (z) < H(a)}
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Key of the proof

Suppose that 0 < s — D/p < oo and 0 < ¢ < co. Let a > 1 and let us define the
exponent

d d
H(a)=s——+ —.
p ap

and the set

Fo 1= {f c B;’q([O, l]D) : JA(f) of full Lebesgue measure such that

a € A(f) = Va € X*, hy, (z) < H(a)}

v

Theorem

Suppose that 0 < s — D/p < co and 0 < g < co.
The set Fo is prevalent in By ([0, 11P).

universally measurable: very delicate
prevalent: technique of the probe space
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Key of the proof

From now on, let (an)nen be a dense sequence in [1,00) such that ap = 1.

Corollary
The set

JF o= {f € B, ([0, 11P) : 3A(f) of full Lebesgue measure such that

a € A(f) =VYn €N, Vo € X, hy (z) < H(an)}

is prevalent in By ([0, 11P).
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Key of the proof

From now on, let (an)nen be a dense sequence in [1,00) such that ap = 1.

Corollary
The set

JF o= {f € B, ([0, 11P) : 3A(f) of full Lebesgue measure such that

a € A(f) =VYn €N, Vo € X, hy (z) < H(an)}

is prevalent in By ([0, 11P).

We apply this corollary with o, = ag = 1: if f belongs to the prevalent set F,
then for any a € A(f), for any z € X = X1 =[0,1]¢, hg, () < H(a) = s.
Thus :

Proposition

For almost all f € By ([0, 1]P), for Lebesgue-almost all a € [0, 1}‘1/, for all
z €[0,1%, hy, (z) < s.
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Key of the proof

Recall :

JF = {f € B, 4 ([0, 1)P) : 3A(f) of full Lebesgue measure such that

a € A(f) =VYn €N, Vo € X, hy, (z) < H(an)}

is prevalent in By ([0, 1]P).

Consider a function f in the prevalent set F. Let h € (s — d/p, s]. This exponent
can be written
d d
h=H(a)=s— -+ —
p ap
Let us assume that a > 1, i.e. H(a) € (s — d/p, s). Consider a subsequence
(atg(n))nen of (an)nen which is nondecreasing and converges to «

Remark that X C ,,5; X" C {z: hy, (z) < H(a)}.
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Key of the proof

Let us introduce the set Y := {z : hy, (z) < H()}. Clearly,

o= U {o:hy, (@) < H@ - 1/n}.

n>1
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Key of the proof

Let us introduce the set Y := {z : hy, (z) < H()}. Clearly,

o= U {o:hy, (@) < H@ - 1/n}.

n>1

Thanks to result about the upper bound of the spectrum, each set

{z : hy, (x) < H(a) — 1/n} has Hausdorff dimension strictly less than d/a.
For the mq measure defined before, we have : mq(X%) > 0 and mq(Y*) = 0.
So we have mq (X*\Y*) > 0.
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Key of the proof

Let us introduce the set Y := {z : hy, (z) < H()}. Clearly,

o= U {o:hy, (@) < H@ - 1/n}.

n>1

Thanks to result about the upper bound of the spectrum, each set

{z : hy, (x) < H(a) — 1/n} has Hausdorff dimension strictly less than d/a.

For the mq measure defined before, we have : mq(X%) > 0 and mq(Y*) = 0.
So we have mq (X*\Y*) > 0.

This means equivalently that ma ({z € X : hy_(x) = H(a)}) > 0. This implies
that the set {# € X“: hy, (z) = H(a)} has Hausdorff dimension greater than
d/a, and thus

dg, (h) = dg, (H()) = dimy{z : by, (2) = H()} > d/a =p(h —s) +d,

the last equality following from the definition of H(a).
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Let d > 0. A function n : RT — R is said to be d-admissible if

s(q) = qn(1/q)

is concave and satisfy 0 < s/(q) < d.
It is strongly d-admissible if furthermore s(0) > 0.

The following spaces are associated to 7:
Let d < D, we consider

vD = ﬂ B;)n(p)—e)/p,p([o 119).
€>0,0<p<oo
1% — ﬂ B}()”?(P)—E)/Pyp([o7 1]d)
€e>0,0<p<oco
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Theorem

Let 0 < d < D two fized integers, and let n strongly d-admissible
!
For almost all fin VP, for Lebesgue-almost all a € [0, I]d , the following holds:

Q facV
© The spectrum of singularities of fq 1s:

for every H € [3(0), pi] , dgs,(h) = inf (pH —n(p) + d),
¢ P2pe
for every H ¢ [3(0), %] , Ey, (k) =0.

where pe is the only critical point such that n(p.) = d
© Vp > 0 7y, (p) =n(p)

where :
vD = ﬂ B}(yn(p)—e)/pyp([OJ]D).
€>0,0<p<oco
vV = ﬂ B}()n(p)*e)/p,p(m’l]d)
€>0,0<p<co
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Definition (Baire’s genericity)

Given a Baire’s space E

It is said that a property is hold generically or quasi-all function of E satisfy this
property if the set of functions that satisfy contains a countable intersection of
everywhere dense open.
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